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Abstract
Combining recent results on colorings and Ramsey theory, we show that if G is a triangle-free
graph with e edges then the chromatic number of G is at most ce1=3(log e)−2=3 for some constant
c. In a previous paper, we found an upper bound on the chromatic number of a triangle-free
graph of genus g. Using the new result, we slightly improve this bound to cg1=3(log g)−2=3. Both
bounds are best possible, up to a constant multiple. c© 2000 Elsevier Science B.V. All rights
reserved.
We consider only nite simple graphs. Given such a graph G, we shall use
v = v(G) and e = e(G) to represent the order and size of G (its numbers of vertices
and edges), and (G) and (G) to represent its chromatic number and its maximum
degree, respectively. We shall use c; c1 and c2 to represent positive constants, to be
chosen appropriately on each occasion.
For every suciently large v, Erd}os [3] showed the existence of a triangle-free graph
G with v vertices, e<cv3=2 edges and chromatic number at least c1v1=2=log v, so that
(G)>c2e1=3=log e. Erd}os’s bound was recently improved by Kim [7], who proved the
existence of such a G with order v, (G)<
p
v log v and (G)>c
p
v=log v. Since
e(G)6 12v(G)<v
3=2(log v)1=2, this proves the following.
Theorem 1. For every suciently large e; there exists a triangle-free graph G with
size e and
(G)>c
e1=3
(log e)2=3
:
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As we shall see, this is best possible. To prove this, we shall need two lemmas. From
[1,2] we know that if G is triangle-free with order v, then G contains an independent
set of at least c1
p
v log v vertices. This can be used (see [5, pp. 124, 125]) to show
the following.
Lemma 2. Let G be a triangle-free graph of order v. Then
(G)6c
r
v
log v
:
The second lemma follows from a result of Johansson [6], who proved the stronger
version of it with the list-coloring number in place of the chromatic number.
Lemma 3. Let G be a triangle-free graph with maximum degree . Then
(G)6c

log
:
This leads us to our main result.
Theorem 4. Let G be a triangle-free graph with e edges. Then
(G)6c
e1=3
(log e)2=3
:
Proof. Let S:=fu 2 V (G): deg(u)6e1=3(log e)1=3g and B:=V (G)−S. We shall color S
and B separately. Setting =e1=3(log e)1=3 in Lemma 3, we can color the graph induced
by S with at most c1e1=3(log e)−2=3 colors. Now, 2e =
P
u deg(u)>jBje1=3(log e)−1=3,
so that jBj62e2=3(log e)−1=3. By Lemma 2, we can color the graph induced by B with
at most c2e1=3(log e)−2=3 colors. This completes the proof.
In [4] it was shown that if G is triangle-free of genus g then (G)6cg1=3(log g)1=3.
We can now improve this slightly.
Corollary 5. Let G be a triangle-free graph of genus g. Then
(G)6c
g1=3
(log g)2=3
:
Proof. We may assume that G is connected and has at least four edges. We may also
assume inductively that each vertex of G has degree at least g1=3(log g)−2=3, so that
2e>vg1=3(log g)−2=3, giving v6e=10 if g is large enough. Now consider an embedding
of G on an orientable surface of genus g which has r regions. Each region is surrounded
by at least four edges, and so 4r62e, giving r6e=2. If we apply these two inequalities
to Euler’s formula v − e + r>2 − 2g, we see that, for suciently large g; e< 5g.
Replacing e in Theorem 4 by 5g gives the desired result.
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As we can embed any graph G on a surface of genus e(G), by placing one edge
on each handle, it follows that g6e, and so we see from Theorem 1 that the bound
in Corollary 5 is best possible. The analogous result for nonorientable surfaces follows
by similar arguments.
We should like to thank Douglas Woodall for his help in improving the presentation.
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